NT Journal of Mathematics Education p-ISSN 2089-6867
Volume 15, No. 1, 2026 e—ISSN 2460-9285

https://doi.org/10.22460/infinity.v15i1.p177-200

Local instructional theory STEM: Integrating the context of
football into parabola learning to support prospective teachers’
flexibility

Tika Dwi Nopriyanti, Zulkardi’, Ratu Ilma Indra Putri, Nyimas Aisyah

Department of Mathematics Education, Universitas Sriwijaya, South Sumatra, Indonesia
*Correspondence: zulkardi@unsri.ac.id

Received: Aug 6, 2025 | Revised: Dec 20, 2025 | Accepted: Dec 21, 2025 | Published Online: Feb 19, 2026

Abstract

Mathematics learning for prospective teachers frequently emphasizes procedural proficiency, while
the development of mathematical flexibility, particularly the ability to shift representations and adapt
problem-solving strategies, remains underdeveloped. This limitation is often associated with learning
designs that insufficiently integrate STEM perspectives and meaningful real-world contexts. To
address this issue, this study aims to develop a STEM-based Local Instructional Theory (LIT) using
a football context to strengthen the mathematical flexibility of prospective mathematics teachers. The
research employed a design research approach, a validation study type, conducted in two main
phases: a pilot experiment and a teaching experiment. The learning design was iteratively refined
through continuous reflection between the Hypothetical Learning Trajectory (HLT) and the Actual
Learning Trajectory (ALT). Data were collected through classroom observations, learning videos,
students’ written work, and documentation of instructional activities, and were analyzed
qualitatively. The findings indicate that STEM-based learning grounded in a football context
effectively enhances students’ representational and strategic flexibility, as evidenced by their ability
to move among visual, numerical, and symbolic representations and to reflectively evaluate problem-
solving strategies. The integration of digital tools such as Desmos and Kinovea further supported the
visualization and validation of mathematical models. This study suggests that the developed LIT
provides a contextual and innovative framework for improving mathematics teacher education.
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1. INTRODUCTION

Geometry is one of the important branches of mathematics that needs to be mastered
by students and prospective teachers, as it forms a foundational component of mathematical
reasoning and instruction (Aisyah et al., 2023; Maarif et al., 2018). Understanding geometry,
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particularly parabolic equations, is essential not only for solving problems related to conic
sections and function graphs, but also for connecting algebraic and geometric representations,
which are central to advanced mathematics learning (Gondin & Sohmer, 1967; Kilner &
Farnsworth, 2019; Shriki, 2011; Sudirman et al., 2024). For prospective teachers, this
conceptual connection is especially critical, as it directly influences their ability to explain
mathematical ideas coherently, select appropriate representations, and design meaningful
learning experiences for their future students. Mastery of parabolic concepts therefore does
not only support visualization skills, but also underpins the development of logical, analytical,
and pedagogical reasoning required in mathematics teaching. Research further indicates that
flexible thinking skills play a significant role in deep conceptual understanding and effective
problem solving (Hong et al., 2023).

However, in practice, substantial difficulties in mastering parabolic concepts persist
among both students and prospective teachers. Parabolas are often perceived as abstract and
challenging, particularly when learners struggle to relate algebraic expressions to their
corresponding geometric forms. Many learners can interpret verbal or graphical
representations separately but fail to understand the underlying connections between them,
resulting in fragmented conceptual understanding (Noto et al., 2019; Peralta-Garcia et al.,
2020; Sanchez & Glassmeyer, 2016). This issue becomes more critical for prospective
teachers, as insufficient conceptual integration may be transferred into their instructional
practices, potentially reinforcing students’ misconceptions rather than resolving them.
Previous studies indicate that limited understanding of parabolas is closely associated with low
mathematical flexibility, which constrains learners’ ability to employ multiple strategies and
solve problems adaptively (Bolat & Arslan, 2024; Dina et al., 2018; Isyrofinnisak et al., 2020;
Martinez et al., 2025).

Low flexibility often causes learners to rely on a single solution strategy and
experience difficulty when required to shift to more efficient or context-appropriate
approaches (Scheibling-Séve et al., 2017). In contrast, mathematical flexibility enables
individuals to adapt strategies according to varying problem conditions and instructional goals
(Ye et al., 2023). For prospective teachers, such flexibility is indispensable, as they must not
only solve problems themselves but also anticipate diverse student responses and guide
learning through multiple representations (Star & Rittle-Johnson, 2008).

One promising approach to addressing these challenges is to connect parabola learning
with familiar real-world contexts, such as football. The curved trajectory of a kicked ball
provides a concrete and observable representation of a parabola, making abstract concepts
more accessible and meaningful. This context has been shown to enhance motivation and
mathematical problem-solving skills (Permatasari et al., 2018). In this regard, STEM-based
learning offers a relevant framework for integrating modeling, technology, and contextual
reasoning to foster flexible thinking (Rais et al., 2025; Voica & Singer, 2012).

Within this context, Local Instructional Theory (LIT) provides a powerful framework
for systematically designing and refining learning trajectories grounded in students’ needs and
local contexts. Although LIT has been widely applied in realistic mathematics education, its
integration with STEM-based learning, particularly in parabolic instruction using football
contexts, remains limited (Gravemeijer & Cobb, 2006). Therefore, the urgency of this research
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lies in developing and validating a Local Instructional Theory integrated with a football-
context-based STEM approach to strengthen prospective teachers’ understanding of parabolic
concepts and their mathematical flexibility, which are essential competencies for effective
mathematics teaching in the 21st century.

2. METHOD

This research employed a qualitative design research approach, adopting the validation
study type as proposed by Gravemeijer and Cobb (2006), to develop and validate a STEM-
based Local Instructional Theory. This approach was chosen because the main objective of the
research is to develop and validate a STEM-based Local Instructional Theory (LIT) that
integrates the context of soccer into mathematics learning, specifically for the topic of
parabolas. This LIT is designed to support the strengthening of prospective teachers'
mathematical flexibility, which is the ability to think adaptively, use various strategies, and
switch between mathematical representations in solving problems (Star & Rittle-Johnson,
2008).

Gravemeijer and Cobb (2006) emphasize that Design Research is designed to bridge
the gap between theory and practice thru three main goals: (1) generating local instructional
theories, (2) developing learning interventions, and (3) understanding the learning process.
Within this framework, Local Instructional Theory (LIT) is not merely an end product, but
grows dynamically from the design of the Hypothetical Learning Trajectory (HLT),
implementation in learning experiments, and reflective analysis of students' learning
processes. According to Bakker (2018), Design Research is a methodological strategy that
allows researchers to iteratively design and revise learning designs based on empirical data
from real classroom practice. In other words, this approach is conjecture-driven, where
hypotheses about the expected learning process are compared with the reality of the observed
learning process in the classroom.

Furthermore, Plomp and Nieveen (2013) state that design research allows for the
development of learning designs that are not only contextual and meaningful, but also
theoretical and academically accountable. In the context of mathematics education, using real-
world contexts such as sports (in this case, football) has proven effective in increasing the
relevance and motivation of students' learning (Queiruga-Dios et al., 2025), as well as
strengthening flexibility in modeling and representing mathematical phenomena (Hickendorff
et al.,, 2022). This study focused on the development and validation of a contextual and
challenging STEM-based learning design for parabolic concepts. The football contexts of
throw-ins and the crossbar challenge were selected for their potential to induce cognitive
conflict, stimulate mathematical modeling, and enhance representational flexibility (Zulkardi
& Putri, 2020). Thus, tfhe resulting Local Instructional Theory (LIT) was intended to align
with curriculum requirements while theoretically strengthening prospective teachers’
conceptual understanding of quadratic functions in real-life contexts. This study employed a
qualitative design research methodology of the validation study type (Gravemeijer & Cobb,
2006). The research was conducted in three sequential stages: (1) preliminary research, (2)
experimental design, and (3) retrospective analysis (Bakker, 2018). Participants were selected
using purposive sampling, involving one intact class of prospective mathematics teachers
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enrolled in a geometry course (46 students). This sampling strategy was chosen to enable an
in-depth analysis of the learning process, the refinement of the learning trajectory, and the
validation of the developed instructional theory.

2.1. Preliminary

At this stage, the researcher conducted a literature review on the STEM (Science,
Technology, Engineering, Mathematics) approach, mathematical flexibility skills, and
explored the learning context to be used in teaching the Parabola material (see Table 1). During
the preliminary phase, participants were selected using purposive sampling based on their
relevance to parabola learning. The participants included prospective mathematics teachers,
university mathematics education lecturers, and secondary school mathematics teachers.
Lecturers contributed theoretical and curricular perspectives in teacher education, while
teachers provided practical classroom insights related to students’ learning difficulties and
instructional feasibility. Prospective teachers represented learners’ perspectives. Data were
collected through interviews and guided discussions to identify meaningful contexts for
teaching parabolic concepts. The findings indicated that football-related contexts were relevant
and cognitively challenging, leading to their selection as the instructional context for this
study. As a result, the researcher chose to use the football context in this study for teaching the
parabola equation material.

The results of the literature review conducted by the researcher on STEM, particularly
in Indonesia, indicate that the STEM approach can help students prepare for 21st-century skills
and abilities, and assist in developing mathematical thinking skills such as creative thinking,
critical thinking, spatial abilities, and learning outcomes (Mandala et al., 2025; Nindiasari et
al., 2024; Nopriyanti et al., 2024; Pramasdyahsari et al., 2025). Additionally, the researcher
collected initial data from lecturers, teachers, and 8th and 2nd semester students in
mathematics eduation in to identify the appropriate context for the study, and the results
showed that 42.4% of respondents believed that the context of football could be used in
geometry lessons on the topic of parabolas (Nopriyanti et al., 2025).

Table 1. The learning design in parabola topic

Learning Learning Learning Thinking and Parabola
Context C . ‘. .

Step Objective Activities learning process content
Parabola Throw-ins in ~ Students are Group Students believe Parabola
Equation Football able to discussions graphs can be Equation
Analysis of  (Arhan's understand the  about Arhan's  created from videos Understanding
Arhan's phenomenon) relationship throwing or photos by the quadratic
throw-in between technique, determining equation
phenomenon position, hands-on specific points, y=ax2+bx+ c,

, studying angle, and the  experiments using parameters a,  analyzing the
the trajectory of with b, and c in the parabola graph
relationship the ball, variations in equation based on the
between analyze and throwing y=ax*+bx-+c to starting,
throwing form parabolic  angles and adjust the ball's vertex, and
angle and equations, positions, trajectory, ending points,
distance, develop the creating demonstrating the influence
making ability to graphs and flexibility in of coefficients
predictions predict and analyzing thinking by on the shape
about the validate results using constructing of the parabola
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Learning Learning Learning Thinking and Parabola
Context C . . .

Step Objective Activities learning process content
parabola mathematical ~ Desmos, and ~ models from such as a< 0
graph based models of determining empirical data, for a parabola
on the data physical the parabolic  evaluating the opening
obtained, phenomena, equation from  model's accuracy downwards,
and finding and strengthen  three points, thru visualization and estimating
the parabola flexible which was and measurement, the trajectory
equation thinking thru then validated  and adjusting of a ball using
from the exploring thru Desmos coefficient values the Desmos
analyzed various graphs. based on changes in  application for
graph. parameters the graph as a prediction and

within the reflection of proof

context of conceptual purposes.

parabolas. flexibility.
Tangent The Students Students Students who Tangent Line
Line of a phenomenon  understand watched a initially had the Equation
Parabola of the ball and explain Crossbar misconception that ~ Understanding
The learning  hitting the the concept of ~ Challenge tangent points only  the general
steps in this ~ crossbar a tangent point  video, apply to circles, equation of a
lesson (Crossbar on a parabola,  discussed the later learned to parabola
include Challenge) are able touse  ball's connect the y=ax’+bx+ c,
introducing derivatives to  trajectory to concepts of the concept of
the concept determine the  identify the derivatives, the first
of a tangent gradient of a point of gradients, graphs, derivative
point thru tangent line, tangency, and digital y'=2ax+ b to
everyday can find the sketched the applications in a determine the
phenomena equation of a trajectory and  single activity, slope of the
like the tangent line tangent line demonstrating tangent line,
Crossbar both using flexibility in the application
Challenge, analytically Desmos, thinking thru the of derivatives
analytically and visually performed transition between  in finding the
determining thru Desmos, derivative visual and tangent line at
the equation and develop analysis of the analytical a specific
of a tangent critical and parabolic approaches. point, and the
line, and flexible equation, and  Discussions and visualization
predicting thinking skills.  visually and exploration using of graphs as a
the equation analytically Desmos helped tool for
of a tangent predicted and  improve analytical
line from a proved that understanding and  validation.
graph using the tangent correct logical
the Desmos line only errors.
application. touches the

parabola at
one point.

2.2. Design Experimen

The experimental design in this study aims to develop, test, and revise the Hypothetical
Learning Trajectories (HLT) that were developed in the preliminary stage. The experimental
design was conducted thru two cycles: pilot experiment and teaching experiment, with each
cycle consisting of nine instructional sessions. 5 meetings were for the content of the parabola

equation and 4 meetings were for the content of the tangent line to the parabola.
The pilot experiment stage aims to test the initial feasibility of the learning design, the
suitability of the football context with mathematical concepts, and to identify potential
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misconceptions and initial challenges in implementing the design. This stage was carried out
with the involvement of 22 students who have taken the analytical geometry course. Data
collection at this stage consists of classroom observation sheets, video recordings of learning,
student work documents such as LKM (Student Worksheet) or work done in the Desmos
application, and the researcher's field notes or findings during the research. The results of this
stage are used to revise the instructional design, including context, sequence of activities,
scaffolding, and prompting questions to encourage flexible thinking, thereby enhancing the
desired learning activities.

The teaching experiment stage is the implementation of the revised learning design
from the pilot experiment stage. The participants consisted of 29 students enrolled in an
Analytic Geometry course. The main objectives of this stage are to see how the revised and
improved learning design can function in exploring the learning process, the use of the football
context in STEM-based learning on the parabola material works well according to learning
objectives, and the development of prospective teacher students' thinking flexibility.

2.3. Retrospective Analysis

At this stage, a retrospective analysis was conducted by systematically comparing the
Hypothetical Learning Trajectory (HLT) with the Actual Learning Trajectory (ALT) identified
during the pilot experiment and teaching experiment phases. The analysis followed a
qualitative procedure consisting of data organization, data reduction, coding, and interpretative
comparison. Data sources included students’ written work in activity sheets, classroom video
recordings, and the researcher’s field notes. First, all data were organized chronologically
according to learning sessions and instructional activities. Second, relevant segments related
to students’ strategies, representations, and interactions were coded to identify patterns of
representational and strategic flexibility. Third, the coded data were compared with the
anticipated learning processes described in the HLT to identify consistencies, deviations, and
emergent learning pathways. Particular attention was given to students’ transitions from
contextual interpretations of football-related situations (throw-ins and crossbar challenges) to
formal mathematical representations of parabola equations and tangent lines, supported by the
use of digital tools such as Desmos. The results of this analysis informed the refinement of the
Learning Trajectory (LT) and contributed to the development of a validated Local Instructional
Theory (LIT) integrating football contexts to support prospective teachers’ flexible
mathematical thinking.

3. RESULTS AND DISCUSSION

This research develops Local Instructional Theory (LIT) to support the flexibility skills
of prospective teachers by integrating the context of soccer into this study, specifically using
throw-ins and the crossbar in the game of soccer. Gravemeijer and van Eerde (2009) state that
LIT can be designed by involving various LT, according to the complexity of the instructional
domain being addressed. Therefore, the LIT developed in this study consists of 2 LT, each
discussing the equation of a parabola and the tangent line of a parabola. Each LT is developed
based on STEM learning steps contextualized with soccer toward understanding the parabola
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material. This paper presents the integration of a series of research studies into a broader
dissertation, where each research component focuses on a more specific LT and some have
been published in reputable journals. Therefore, this paper synthesizes all these findings into
LIT to support students' flexibility abilities contextually and relevantly.

3.1. Results
3.1.1. Preliminary Study

The preliminary study aims to develop a hypothetical learning trajectory (HLT) based
on student characteristics and local context, making learning meaningful and contextual
(Doorman et al., 2016; Prahmana & Kusumah, 2016; van Eerde, 2013). The preliminary
studies conducted by the researcher at this stage involved searching for literature reviews on
the STEM approach (Goos et al., 2023; Honey et al., 2014), learning using context to promote
flexibility skills (Cox et al., 2024; Hasanah & Retnawati, 2022; Hickendorff et al., 2022;
Tashtoush et al., 2024; Zulkarnain et al., 2023), and the use of football context in mathematics
learning (Andriadi et al., 2021; Cleland, 2015; Karlis et al., 2021; Nopriyanti et al., 2025;
Ramulu et al., 2024). The football context used in this study is the throw-in, a phenomenon
performed by football player Arhan Pratama, for the parabola equation material, and the
crossbar in football for the tangent line material.

At this stage, initial validation was conducted through expert review and a Focus
Group Discussion (FGD). The experts involved consisted of mathematics education
researchers with expertise in design research and Local Instructional Theory (LIT), curriculum
specialists in mathematics education, and instructional design experts. The FGD involved
purposively selected participants, including university mathematics education lecturers,
prospective mathematics teachers, and secondary school mathematics teachers. In the context
of this study, lecturers contributed theoretical, curricular, and pedagogical perspectives related
to teacher education and the formal structure of parabolic concepts, while secondary school
teachers provided practical classroom-based insights concerning students’ learning
difficulties, contextual relevance, and instructional feasibility. Prospective teachers
participated to represent learners’ perspectives within teacher education. The outcomes of this
initial validation process informed the refinement of the initial Hypothetical Learning
Trajectory (HLT) and the development of the Student Worksheets. Figure 1 illustrates the
resulting learning trajectory, highlighting how STEM-based learning in a football context
supports the development of mathematical flexibility.
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Figure 1. Learning trajectory based on STEM in the context of football to support flexibility skills

Figure 1 shows a STEM-based learning trajectory that integrates the context of soccer
to support the flexibility skills of prospective teachers. The learning trajectory, designed using
STEM-based learning steps, connects multiple disciplines, in this case sports and physics, so
that students understand the relationship or application of mathematical knowledge with other
sciences. STEM-based learning for the topic of parabolic equations using the context of a
phenomenal throw-in performed by a football player named Arhan. Students will be guided to
understand that the type of throw occurring is a parabola, meaning they can find its parabolic
equation. At this stage, students will be guided to find the equation of a parabola from the path
formed in various ways, thereby encouraging their flexibility. In the second instructional
material, the learning context focuses on the crossbar, represented by the event of a ball striking
the goalpost. To enhance conceptual understanding, an actual image depicting this situation
was presented to students at the beginning of the activity. In the first activity, students were
asked to analyze the meaning of the term crossbar and to explore possible reflections of the
ball’s trajectory (see Figure 2). At this stage, students’ mathematical flexibility became
apparent through the diversity of their interpretations, representations, and explanations
derived from the visual context.

Figure 2. A football hitting the crossbar as a contextual representation for tangent line concepts
(Source: youtube)

At this stage, the students' flexibility will be evident in their diverse responses. Students
will then sketch and determine the tangent line equation obtained from the crossbar incident
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in various ways, such as obtaining the tangent line equation from a known vertex or from three
different points, thus further developing students' flexibility skills. Context-based learning of
parabolas — whether thru digital visualization, physical (real-world) analogies like sports,
bridges, or satellite dishes, or collaborative dialog — consistently improves learners' conceptual
understanding and representational flexibility in mathematics (Abdu et al., 2022; de Sousa &
Alves, 2022; Florio, 2022).

3.1.2. Design Exsperiment

The design experiment stage is conducted after the preliminary stage is completed and
two learning trajectories (LTs) have been obtained. The pilot experiment stage is conducted
with 22 prospective teacher students with the aim of exploring the sequence of activities in
each LT and examining the alignment between the initial design predictions and the students'
responses, as well as the flexibility of the prospective teacher students in learning. At this stage,
the researcher focuses on observing student engagement in activities within the STEM-based
learning process that uses the context of soccer to identify unexpected strategies, different
understandings, or misconceptions during learning. The data at this stage uses classroom
observation sheets, video recordings of learning, student work documents such as LKM sheets
or work in the Desmos application, and notes taken during discussions, such as activities that
were still confusing for students in terms of their steps, different understandings in
understanding problems that use English, leading to difficulties in completing the given
activities, and instructions during field practice that required students to measure the distance
of the ball using different measuring tools for each group, thus developing students' flexibility
skills in this activity.

Based on these findings, another FGD was conducted with the teaching faculty to re-
discuss the results of the pilot experiment. Revisions were made primarily to the language used
in the Desmos application, which is in Indonesian, to improve the activity questions in the
Desmos application, to provide more detailed instructions in the activity sheets, and to include
leading questions in discussions to arrive at the correct solutions and a proper understanding
of the activities. After being revised, the activities were implemented in a teaching experiment
to validate the improvements and systematically observe student development in learning.
Here are the results from each LT, showing how these changes impacted the understanding
and learning outcomes of prospective teachers regarding the topic of parabolas.

Learning Trajectory: STEM-Based Learning in the Context of Football for the Parabola
Equation Material to Enhance the Flexibility Skills of prospective Teachers

At the pilot stage, the experiment showed that the Throw in context can be integrated
into the content of the parabolic equation, especially when students practice the throw in and
visualize it in the Desmos application, and determine the parabolic equation formed by the
ball's trajectory. Additionally, students will also find that the initial velocity and elevation
angle also affect the distance the ball travels. The STEM-based learning implemented can
integrate several sciences, in this study, Physics and Sports (Science), the technology used in
learning is the Kinovea application to measure elevation angles (Technology), Engineering
occurs when prospective teacher students predict the formed parabolic equation, and
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Mathematics when finding solutions to problems. Table 2 shows the STEM Elements in

Football Contextual Learning Parabola Material.

Table 2. STEM elements in football contextual learning parabola material

STEM Implementation In Learning Goals / Role In Flexibility
Components

Science Students observe the physical Promoting conceptual understanding
phenomenon of the ball's trajectory of real-world phenomena and building
during the crossbar challenge and connections between physical
throw-in activities. The discussion representations and mathematical
covers gravitational force, acceleration, models of trajectories.
and the laws of projectile motion in a
real-world context.

Technology Using video tracker applications like This enhances dynamic representation
Kinovea to analyze ball movement: and visualization of ball trajectories,
measuring throwing angles, initial allowing students to flexibly compare
velocity, and trajectory coordinates; mathematical models with empirical
and Desmos to model parabolic data.
functions based on real data.

Engineering Students design and predict throwing Training students to evaluate
strategies using the principles of angle  alternative solutions in problem-
and throwing speed optimization. They  solving, integrate concepts from
evaluate solutions against the problem  multiple fields, and develop analytical
context. and synthetic abilities for solutions.

Mathematics Students construct the equation of a Strengthening students' ability to

parabola from the data obtained,
analyze the characteristics of the
parabola (vertex, axis of symmetry,
tangent line), and use geometric
concepts to determine the gradient of
the tangent line.

switch between representations
(graphs, algebra, verbal, contextual)
and think flexibly in solving open and
real-world mathematical problems.

Learning at the experimental pilot stage began with the question, "Do you like playing
soccer?" and it turned out that although soccer is often associated with men, there were female
students who enjoyed playing it. Next, the lecturer will ask a follow-up question: "Do you
know Pratama Arhan?" a phenomenal football player right now, followed by the question,
"Why is Arhan's throw so phenomenal?" This question will direct students to focus on the
context that will be used, which is throw-ins in football.

To steer the discussion toward students' flexibility skills, the lecturer continues with
the question, "In your opinion, what influences a throw?" This question is designed to train
students' flexibility skills because it will encourage them to think from various perspectives
and provide reasons for each answer, and they will be asked to prove their answers based on
the results of the designed activity.

After that, students were given an opening activity sheet asking them to observe and
analyze two videos of Pratama Arhan's throw-ins, which served as a strategic starting point for
building connections between real-world context, conceptual understanding, and
mathematical representation, and for forming and strengthening the flexibility of prospective
teacher students in understanding and teaching the concept of parabolas. Real-world context
in mathematics learning not only increases motivation but is also highly effective in building
mathematical flexibility (Hickendorff et al., 2022; Zulkardi & Putri, 2020). However,
observations in the classroom revealed that students had not explicitly compared the two
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videos or linked the phenomena to mathematical aspects such as angle of elevation, maximum
distance, or initial velocity, and the ability to think flexibly in the form of shifting between
representations (visual-to-mathematical, verbal-to-graphical) was not strongly evident in
either student's responses. Their answers indicate that they are still in the early stages of
contextual understanding and have not yet reached the ability to choose or formulate
alternative strategies for explaining or mathematically modeling the ball's trajectory. Here are
the students' answers to activity 1 (see Figure 3).

[ T St aramroe i / . Siahkan amati video di atas dan berikan tanggapanmy tentang dus video tersebut
Video k‘:.:r'nn bolo memantul ke ﬂtl;'; (u)ung tang 9awangy. Jawn 1 P Aanunan A
Hat ini tecjad: setelah bole memontv! Letaneh Membenw k ;..::‘ﬁ‘Jz:";n:‘t:m;;‘eﬁ.:::‘;:n b,:\t:’-c’.-p:;"”d':gmj‘;ﬂq J,.,., Sama"y .
lenguungall higerbola- Law  bila memontv) ke dalam aawan L6a - bota. Agstout Mercopal prvang. Pada wdeo perinwa dAmystaican tdok zah
T e e s e e R o
LT By eharn™ Gane? min dndonsd Dol hgs.1 | enioran arkon . P ? " e fersehur b A 0
2. Maturat kalias spakaki yang mesysbebien fimparni e deluis Arken saojéck setuick 2. Menurut kalian apakah yang menyebabkan lemparan ke dalam Arhan menjadi sebual
Svcmmnt deleen partendiagun sepel ol fenomenal dalam pertandingan sepak bola?
Jawap, @CENA lemparan guaams achon jouh dad sangat ¥ngs o
4 isi i tefar sehingga fema awab: lemparan ke detam Prinan menjad) f(ro::ﬂ; kln(:“mhﬁw
gy St Dt oo | e B3 dnceinartyy, Sy fouk gy meweret 2 Sy
Jouh (ebih darc Yom I fering blsa dilarukan olch perwin  separ bola Slobinia
English Versionl English Version2
1.  Watch the video above and write your opinion 1. Watch the video above and write your opinion
about it. about it.
Answer: Answer:
The first video shows the ball hitting the crossbar. In both videos, it can be seen that the throw-ins
This happened after the ball formed a parabolic performed by Arhan are very far. The parabolic
trajectory. In the second video, the ball was path reached the goal or the crossbar. The throw-
thrown straight into the goal. Based on this, in technique is excellent, and the power is very
Arhan’s throw is very strong and directed. The strong. This is clearly visible from how far the
ball could reach far, and from his movement, the ball was thrown. Even if no one touched the ball,
ball seemed to spin forward due to the angle and it could still head straight to the goal.
technique of the throw. 2. Why do you think Arhan’s throw-in has become a
2. Why do you think Arhan’s throw-in has become phenomenon in football?
a phenomenon in football? Answer:
Answer: Because Arhan’s throw-in is a rare phenomenon.
Because Arhan's throw-in distance is very far and His ability to throw so far and precisely makes
his accuracy is often precise, making the throw this technique difficult for the opposing team to
very difficult to anticipate—even the goalkeeper anticipate and is not commonly seen in football
is very far away. matches.

Figure 3. Student responses to activity 1

The early learning pathway is designed based on the characteristics of STEM-based
learning, which include: (1) Integration of Disciplines; (2) Meaningful Real-World Context;
(3) Active and Inquiry-Based Learning; (4) Use of Technology and Tools; (5) Engineering
Design Process; (6) Collaboration and Communication; (7) Development of 21st-Century
Skills; (8) Project-Based and Authentic Contextual Learning (Bybee, 2013; Chen & Chang,
2021; Holmlund et al., 2018; Larkin & Lowrie, 2022). The designed learning path has guided
students to explore and practice their flexibility skills, however, field findings indicate that
students still experience difficulty in determining the throwing angle in the video during the
learning process in activity 2, and have misconceptions in activities 3 and 4.

Based on these findings, changes were made to the teaching experiment process for
the activity sheets. In activity 2, the changes included providing instructions for determining
the throwing angle using the Kinovea application, using Indonesian language in the Desmos
activities, and adding questions in activity 4. The changes made still focus on the students'
flexibility in solving parabolic problems within the context of a throw-in in soccer.
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In the fourth activity, students will determine the equation of the parabola formed by
the ball's trajectory. During the learning process, students will discuss with their respective
groups to determine their individual methods for finding the equation of a parabola. The
findings in the student class showed that some students were finding the equation of a parabola
from three known points, while others were using one known point and the vertex.

1. Titik yang diketahui dalam kurva lemparan kedalam adalah..

I o Queoe don (n (e Y MO, e wva

2. Teatukanlah koordinat itk yang diketahui!

wb gysg)  ((18532)
b“-ln;ff) -\‘.%“'l(* (‘,'“’ ‘Hs)

3. konsep atau rumus mana yang kamu pilih untuk menemukan persamaan

mzlt“tj "llhlﬂl" kuhnah ( -..,
14 iqunakon Untde ien gaamborks
h\« hm!m Sul bonge meblaticgn

English version:

1.

The known points on the ball throw curve are?
Answer: The vertex and three points that lie on the
curve.

Determine the coordinates of the known points!
Answer:

a(3.1,5.4)

b (11.1, 5.55)

¢ (19.85,3.2)

Vertex Point: (7.54, 6.345)

Which concept or formula do you choose to find the
equation of the parabola? Explain your reason.
Answer: I chose to use the general form of the quadratic
function: 'y = ax* + bx + ¢
The reason is that the ball’s trajectory forms a parabolic
curve, and the quadratic function can be used to
represent parabolic motion on a flat plane, especially
when considering only the horizontal and vertical
components of the motion.

Figure 4. Student responses to activity 2

Questions 1 to 3 show that students are able to move from visual representations (ball
trajectory images) to numerical representations (coordinate points), and then to algebraic
representations (quadratic functions), demonstrating representational flexibility (see Figure 4).
The use of symbolic visual representations and the construction of a representational flexibility
model involving transformations between coordinate graphs, verbal, symbolic, and numerical
representations strengthens students' algebraic thinking—showing the relationship between
visual and symbolic representations in improving mathematical reasoning (Deliyianni et al.,
2016; Unal et al., 2023). Next, the students will perform mathematical calculations to find the

equation of the parabola.

Figure 5. Student calculations in determining the equation of a parabola
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Based on the Figure 5, it can be seen that the student successfully formed a system of
3 equations based on those points and arranged the elimination systematically and logically.
This demonstrates algebraic ability and understanding of the relationships between variables
in quadratic functions, as well as flexibility in solving systems of equations, not being limited
to just one method. After obtaining the equation, the student verified the algebraic results (y =
-0.0548x2 + 0.796x + 3.4584) on the Desmos application, which showed a curve that matched
the trajectory of the ball. This reflects an understanding of the relationship between
representations: from algebra to visual graphics (converting real-world paths into
mathematical models). Figure 6 shows the students' work in the Desmos application.

€ C % classroom.amplify.com/dashboard/6807317e9227446535711827#teacher/step/801daf03-913e-4e05-b228-61e58d7ef837/response/B01dafl * in} & @ Feshupdste |

“ Nanda Herdayu (2024121025) 2 @

Rewrite the parabola equation that you got from slide 1, please make changes to the values of a, b and ¢ by moving the points in their
respective sections.

e WhatsApp Image 2024-06-05 at
12.29.08_399a2ef0 jpg

@ y= 0.0545‘\? +0.798x + 3.4584

[

Figure 6. Student responses in activity desmos

Learning Trajectory: STEM-based Learning in the Context of Football for the Tangent
Line of a Parabola Material to Enhance prospective Teachers' Flexibility Skills

This second learning trajectory presents the results of an experimental design focused
on the second learning trajectory, namely STEM-based learning with the context of the
crossbar challenge in soccer games for the topic of tangent lines to parabolas. This context was
chosen because it naturally represents a situation where the ball's trajectory touches the top of
the goalpost, which can be mathematically modeled as the point of tangency between a
parabolic trajectory and a horizontal line. This context provides an authentic and meaningful
learning experience for prospective teachers, and explicitly bridges the transition from visual
representation to algebra. The main goal of this trajectory is to develop students' mathematical
flexibility, particularly in interpreting contextual situations, choosing appropriate strategies,
and flexibly transitioning between mathematical representations (visual, numerical, symbolic).
Learning outcomes are analyzed based on students' thinking processes in constructing
parabolic equations and tangent lines, as well as their ability to reflect on the
interconnectedness between context, concepts, and problem-solving strategies. Table 3 shows
the STEM elements in the context of football learning: Tangent lines and flexibility skills.

Table 3. STEM elements in the context of football learning: Tangent lines and flexibility skills

STEM Aspect Implementation in Learning Goal/Role Flexibility
Science Understanding the parabolic trajectory ~ Visually connecting physics concepts
as a representation of projectile motion  with the shape of the trajectory
in a ball kick (the physics of projectile =~ enhances representational
motion). understanding.
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STEM Aspect Implementation in Learning Goal/Role Flexibility
Technology Using the Desmos application to model = Training the transition from visual to

and verify the trajectory of the ball and  symbolic thru exploration and digital
the tangent line. graphic simulation.

Engineering Designing a kicking strategy to get the ~ Encouraging students to consider
ball over the crossbar and analyzing the various possible solutions and
possible outcomes of the trajectory. contextual approaches.

Mathematics Determining the equation of a parabola, Improving the ability to switch

the point of tangency, and the equation
of the tangent line using algebraic and
derivative approaches.

between numerical, graphical, and
symbolic representations in problem-
solving.

Learning will begin with a video about crossbars in football matches. "What can you
conclude from the video that was shown?" Students will be encouraged to think and analyze
from their respective perspectives to enhance the flexibility of future teacher candidates. After
that, the lecturer will ask a follow-up question: "Why can a crossbar incident happen in a
football match?" From this question, the students' answer was: "The ball hit the top edge of
the goal." Next, to focus on the tangent line material, the lecturer asked, "In mathematics, what
is the intersection between the ball and the crossbar called?" This question will initiate the
activities to be carried out on the parabola tangent line material.

In Activity 1, students are invited to understand the concept of a tangent point in real
life thru the phenomenon of a ball's trajectory touching the goalpost crossbar in the context of
a crossbar challenge. The activity began with an observation of a ball-kicking challenge video,
where students were asked to describe the ball's trajectory and identify the moment when the
ball touched the crossbar. Without being given a formal definition, students are guided to
intuitively explore the meaning of "touching" as the event when the trajectory curve intersects
with the horizontal line (goalpost). This process encourages the transition from visual to
geometric representation and supports the early development of representational flexibility, as
students begin to build connections between physical phenomena and more abstract
mathematical concepts.

In Activity 2, learning is focused on the more formal and mathematical application of
the concept of tangent lines, with the aim that students are able to determine and sketch the
equation of a parabola's tangent line using both numerical and differential approaches. In this
activity, students continue the crossbar challenge context by modeling the ball's trajectory as
a quadratic function and the goalpost as a horizontal line. Students are asked to determine the
point where the ball touches the crossbar, then construct the equation of the tangent line using
two different methods: first, by using a system of equations for two functions (parabola and
line); second, by using derivatives to determine the gradient at the point of tangency. This
activity requires students to move between different representations — from numerical
(coordinates), to visual (graphs in Desmos), to symbolic (functions and their derivatives) — as
well as compare two different solution strategies. This process strengthens students'
mathematical flexibility in both representational and strategic aspects, as they not only
understand concepts procedurally but are also able to select and adapt approaches based on the
problem context.

In Activity 3, students are guided to independently explore the concept of a parabola's
tangent line thru the use of digital technology, specifically the Desmos application. The
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purpose of this activity is for students to be able to predict the equation of the tangent line of a
parabola graph and a given specific point. Students were asked to build their own parabola
graphs in Desmos, choose points on the curve, and then discuss in groups how to determine
the gradient and derive the equation of the tangent line analytically. After performing the
calculations, students verified their prediction results using Desmos' visualization features.
Group discussions continued when the prediction results did not match the graph, prompting
them to revise their strategies and calculations. This activity provides ample opportunity to
strengthen mathematical flexibility, particularly in the ability to switch between visual
(graphical), symbolic (equations), and numerical (coordinates) representations, as well as in
comparing analytical and visual results. Students are also challenged to reflect on the influence
of parameters in the parabolic equation on the properties of the tangent line, which reinforces
flexibility in dynamically understanding the relationships between concepts.

These three activities were initially given to the experimental pilots, and findings were
obtained during the learning process, leading to revisions or improvements. For example, the
structure of the steps and questions in the first activity was improved. The problems presented
in the second activity, which were the same two problems in the second experimental pilot
(i.e., the ball did not hit the crossbar), were revised in the teaching experiment stage to one
problem where the ball touched the crossbar and one where it did not. As for the third activity,
there were no changes or improvements from the experimental pilot to the teaching
experiment. Here are some responses or answers from students in completing the given
activity.

Draw the possible directions of the ball's Draw the possible directions of the ball's
reflection if it hits the crossbar.

B 0

| : vl} v // \,\0
\ N

Figure 7. The student sketches the ball's reflection if it hits the crossbar

Based on Figure 7, it shows different levels of geometric understanding and
mathematical flexibility. The first student simply described the event of the ball bouncing off
the crossbar with one downward bounce scenario, reflecting a basic understanding of the point
where the ball's trajectory meets the crossbar, but not yet demonstrating any exploration or
variation in possible bounce outcomes. The visual representation used is still limited, without
a transition to symbolic forms or consideration of reflection angles, resulting in low flexibility.
Conversely, the second student presented a more complex image with multiple possible
reflection directions, demonstrating a deeper understanding of geometry as well as stronger
potential for representational flexibility. This student is considering variations in trajectory
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based on the direction and strength of the kick, and has indirectly established an initial
connection to the concept of tangent lines or the angle of incidence and reflection, although it
has not yet been expressed symbolically. This indicates that the second student is more
reflective in connecting real-world contexts with diverse mathematical representations.

Next, in the second activity, students were given a problem and asked to use two
different approaches or methods to solve it. Here are the results of the students' responses or
work.

B. Gunakan dua pendekatan berbeda untuk menentukan titik singgung dan persamaan English version:

b. Use two different approaches to determine the
point of tangency and the equation of the tangent
line.

Approach 1: Eliminating the system of quadratic
and linear equations

Pendekatan 1: Fliminasi sistem persamaan kuadrat dan lincar
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Thus, there is one point of intersection. The line
y=1 touches the parabola at x=3
Substitute x=3 into the parabola equation:

Persamaan garis §Tnggung
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fibile (30)  substhusikan < Y-120(x-3)

Approach 2: Using derivatives as the slope of
the tangent line

raf 8 Solution
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The parabola equation: y = -x*+6x-8

First derivative y’=-2x + 6, y’=0
2x+6=0,x=3

Substitute x =3 into parabola equation:

y = -(3)’+6(3)-8 = 1, thus the point of tangency
is (3,1)

Equation of the Tangent Line

Slope: m =0

Point: (3,1)

Using the point—slope form:
y—yr=m(x—xi)

y—1=0(x-3) > y-1=0,

Therefore, the equation of the tangent line
parallel to the 1-meter height line is: y = 1

Figure 8. Students determine the equation of a tangent line in two ways

Based on the answers on the worksheet (see Figure 8), it is evident that students are
able to solve the problem of finding the point of tangency and the equation of the tangent line
to a parabola using two different approaches. In Approach 1 (eliminating the system of
quadratic and linear equations), students substitute the value y=1 (height of the crossbar) into
the parabola equation y=—x2+6x—8. From the calculation, we obtain the solution x = 3, so the
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point of tangency is (3,1). Next, the students determine the equation of the tangent line parallel
to the goalpost, which is y=1. This process demonstrates the students' ability to model
contextual problems into mathematical equation systems and solve them using algebraic
procedures.

In Approach 2 (using derivatives to determine the slope of the tangent line), students
differentiate the equation of the parabola to obtain the gradient y' = -2x + 6. By substituting x
= 3, the gradient m = 0 is obtained, which means the tangent line is horizontal. Thus, the
equation of the tangent line is y=1. This step demonstrates that students are able to connect the
concept of derivatives with the geometry of parabolas to obtain the equation of the tangent
line.

Both approaches yielded the same result: the tangent line y=1. This indicates that
students not only mastered one method but were also able to switch between methods and
demonstrate the consistency of their results. Thus, it can be concluded that the students have
demonstrated mathematical thinking flexibility, which is the ability to use various different
representations and problem-solving strategies to reach the same solution.

Overall, the work illustrates mathematical flexibility, as the student successfully
shifted between different solution strategies, integrated multiple representations (symbolic,
numerical, and graphical), and confirmed consistency across methods. This indicates a deeper
conceptual understanding and aligns with the goals of STEM-based mathematics learning that
emphasizes flexible problem-solving skills.

3.1.3. Restrospective Analysis

The retrospective analysis stage in this study was conducted by comparing the
previously designed hypothetical learning trajectory (HLT) with the actual learning trajectory
(ALT) observed during the pilot experiment and teaching experiment. The purpose of this
analysis is to understand how STEM-based learning with a football context influences
students' learning processes, specifically in strengthening mathematical flexibility skills. The
data used consists of student work documents, video recordings of learning, classroom
observations, and field notes from the researcher.

The first finding indicates that the context of football, such as the throw-in
phenomenon of Pratama Arhan and the crossbar challenge, successfully builds a concrete
bridge between the real world and abstract mathematical concepts. Students find it easier to
understand the concepts of parabolas and tangents because they can directly relate them to
known physical phenomena. Visualizing the ball's trajectory using the Desmos application and
measuring the throwing angle with the Kinovea application makes it easier for students to
model quadratic functions and determine the tangent line of a parabola, leading to a natural
transition from concrete experience to conceptual understanding.

Additionally, there was a significant increase in students' representational flexibility.
They are able to move between representations — from visual (video and trajectory graphs), to
numerical (coordinate points), and then to symbolic (quadratic functions and derivatives).
Students began constructing a mathematical model of the ball's trajectory, solving the system
of equations from the known points, and visually verifying the results in Desmos. This ability
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demonstrates that students not only understand concepts procedurally, but also flexibly grasp
the connections between diverse representations.

Strategic flexibility capabilities also develop gradually. In the learning process,
students are not fixated on a single approach, but rather try various problem-solving strategies.
For example, in the parabola material, some students used three points to set up a system of
equations, while others chose the vertex and one additional point. In the context of tangents,
students are asked to solve the problem using two different methods: using a system of
equations and using derivatives. The results show that students can evaluate the strengths and
weaknesses of each approach and choose the strategy most suitable for the problem context,
demonstrating more reflective thinking flexibility.

However, in the initial stages of implementation, it was found that students still had
difficulty interpreting the context mathematically. Their responses to the football video were
still narrative and descriptive, without connecting the phenomena occurring to concepts such
as elevation angle, maximum range, or point of tangency. The representations used tend to be
limited to visuals, and there has not yet been an explicit connection made with symbolic or
algebraic forms. This highlights the importance of more directed scaffolding and the design of
prompting questions to enable students to transition from intuitive understanding to formal
mathematical understanding. Revisions were made to the activity sheets, including the use of
Indonesian in Desmos, instructions for using the Kinovea application, and the addition of
reflective questions in activities 2 and 4. This revision has proven capable of improving the
connection between context, concepts, and problem-solving strategies.

The overall findings from this stage indicate that the Local Instructional Theory (LIT)
developed evolved iteratively and responsively to empirical data. Revisions to the activity
structure, language use, and learning aids resulted in a more effective learning trajectory for
developing mathematical flexibility. The revalidation process thru teaching experiments
shows that students are more capable of integrating cross-disciplinary knowledge (science,
technology, engineering, and mathematics) and applying various representations and strategies
in meaningful real-world contexts. Thus, the developed LIT is not only a theoretical
framework but also an effective and contextual instructional one for enhancing the
mathematical thinking flexibility of prospective teachers.

3.2. Discussion

The results of this study show that integrating STEM-based learning with a football
context in the development of Local Instructional Theory (LIT) is effective in fostering
mathematical flexibility among prospective teachers. Retrospective analysis indicates that this
approach enhances student engagement and strengthens their ability to shift between
representations and solve problems reflectively.

First, the effectiveness of real-world contexts in building conceptual bridges between
phenomena and mathematical representations supports previous findings on context-based
learning (Hickendorff et al., 2022; Queiruga-Dios et al., 2025). In this study, the contexts of
throw-ins and crossbar challenges generated meaningful cognitive conflict that encouraged
students to relate the ball’s trajectory to parabolic shapes. The use of digital tools such as
Kinovea and Desmos functioned as visual—analytical scaffolding, enabling students to validate
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their informal observations through graphical and symbolic representations. This aligns with
Goos et al. (2023) and Tashtoush et al. (2024), who emphasize the role of technology in
supporting spatial reasoning and cognitive flexibility.

Second, students’ flexibility developed through a sequence of scaffolding strategies.
These included (1) contextual prompting, in which students were asked to describe observable
features of the football phenomena; (2) guided questioning, directing attention from
descriptive language toward invariant mathematical features (such as symmetry, maximum
points, and slope); and (3) representational scaffolding, where students were encouraged to
translate visual interpretations into symbolic equations and numerical models using
technological tools. Through this progression, students moved from initial descriptive
responses (e.g., “the ball curves” or “the ball bounces back™) to more formal mathematical
interpretations involving parabolic equations and tangent lines. This transition reflects
increasing representational and strategic flexibility (Deliyianni et al., 2016; Star & Rittle-
Johnson, 2008; Unal et al., 2023).

However, the analysis also shows that flexibility did not emerge instantly. In early
learning stages, many students focused on a single representation without explicitly connecting
the context to formal mathematical models. Iterative scaffolding, reflective discussion, and
carefully sequenced tasks were essential in supporting this transition, reinforcing the
importance of design-based learning cycles as proposed by Gravemeijer and Cobb (2006) and
Bakker (2018).

Overall, these findings confirm that STEM-based LIT with a football context not only
improves prospective teachers’ understanding of parabolas and tangents, but also
systematically supports the development of mathematical flexibility through well-designed
scaffolding and progressive mathematization.

4. CONCLUSION

This research has successfully developed a STEM-based Local Instructional Theory
(LIT) by integrating the context of soccer into mathematics learning, specifically for the topics
of parabolic equations and tangents. The research findings indicate that using real-world
contexts such as throw-ins and the crossbar challenge in soccer can increase student
engagement, build connections between the real world and mathematical concepts, and
significantly strengthen the mathematical flexibility skills of prospective teachers.

STEM-based learning processes supported by technology such as Kinovea and
Desmos encourage students to move between representations (visual, symbolic, numerical)
and reflectively evaluate various problem-solving strategies. Additionally, this approach
facilitates the development of critical, adaptive, and collaborative thinking skills, which are
essential in 21st-century mathematics learning.

Findings from the retrospective analysis phase show that students' representational and
strategic flexibility develops thru active interaction with context, technology, and group
discussions. Despite initial challenges in transforming context into mathematical models,
revisions to instructional design and appropriate scaffolding were able to guide students
toward a more conceptual and flexible understanding.
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Thus, the STEM-based LIT developed in this study can be used as an innovative and
applicable alternative learning model to improve the quality of mathematics learning. This
study recommends that similar approaches be further developed on other mathematics topics,
as well as integrated into the systematic training of prospective teachers to equip them with
pedagogical competencies that are contextual, reflective, and relevant to students' real-life
experiences.
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